Queuing Theory
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Average queue time, Wq

Average queue length, L,

Average time In system, W

Average number In system, L
Probability of idle service facllity, F,
System utilization, p

Probability of k units in system, P, ,
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ASSUIMPLIGHSIOIHENSESICESIPIENQUENIRGNVIOHE]

Arrivals are served on a first come, first served basis (FCFS) - no
priorities

Arrivals are independent of preceding arrivals

Arrival rates are described by the Poisson probability distribution,
and customers come from a very large population

Service times vary from one customer to another, and are
iIndependent of one and other; the average service time is known

Service times are described by the negative exponential probability
distribution

The service rate Is greater than the arrival rate



IypesioriQuenngiviodels

¢+ Infinite Capacity
+ Simple (M/M/1)

+ Example: Information booth at shopping mall

¢ Multi-channel (M/M/S)
+ Example: Airline ticket counter

+ Constant Service (M/D/1)
+ Example: Automated car wash
¢+ Finite Capacity

+ Example: Department with only 7 drills



Simpieiiii/ayionelCharacternstics

¢ Type: Single-channel, single-phase system
¢ Input source: Infinite; no balks, no reneging
¢ Arrival distribution: Poisson

¢ Queue: Unlimited; single line

¢ Queue discipline: FIFO (FCES)

¢ Service distribution: Negative exponential

¢ Relationship: Independent service & arrival
¢ Service rate > arrival rate




Simpleiiii/ Aot eEquations

The M/M/1 Waiting line system has
a single channel, single phase,
Poisson arrival rate, exponential

service time, infinite capacity and
First-in First-out queue discipline.



Infinite Capacity Queues

Let P;= Probability that the process 1z m state 7 (5;).

It 15 a measure of the proportion of tune that

the process stays m state 7. where 71=0,1.2,............

/2
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Similarly let, 7% = Amival rate and = Departure rate
For a steady state process,
the rate at which process enters State 7 will equal

the rate at which process leaves State 7.



State Transitions (S, to S, and vice versa)

When system 1z empty, the process state 1s set equal to zero (Sg).
Thas state of the process will change to 1 (S1) when an arrival occurs.
[t the process 1 1n state 1, the process will revert to state 0
when a departure occurs.

Hence, if Py 15 the proportion of tune that process stays m State 0

/

and % 1z the rate of arrival, then,

Rate at which process leaves State 0 = APy
Similarly, 1t Py 18 the proportion of time the process stays i state 1
and |t 18 the rate of departure of the process from the state, then,

Rate at which process enters State 0 = P,



State Transitions (S, to S,) : Steady State Equations

For a steady state process;

Rate at which process leaves a state= Rate at wluch process enters a state

}*..rP[]

OO,

1Py

Fig.1. State transition (Sq to Sq)

S0, ?-.,PU — }LP] or, P] — (:’}l) Po



Process is in state 1 (3;).  Rate of Leaving State 1

When process 1z m state Sy, the state of the process will change to So

when an arrival occurs or 1t will revert to state 0 (Sg) when a departure

occurs. The rate at which process will Jeave state 1 (S1) will be equal

to ?~.;P1 + }lP1
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Similarly the process will enter state 1 (S,); either when
an arrival occurs and process is in state 0 (Sy)

OR
when a departure occurs and process Is in state 1 (S,).

So the rate at which the process will enter state 1 (S,)
will be eaqual to AP0 + uP2
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----------------------- Process-Enters-State-1--(51)9

" Rate of Entering State 1



Steady State Equation For State 2

For a steady state process;
Rate at which process |leaves state S1 =

Rate at which process enters state S1

So, AP+ uP, =iP, + ubP,
But, uP, =P,
So, AP, + APy=iPy+ puP2

or, AP,=puP,

P, = (AMp) Py = (Wp)? Py



Rate of Leaving State k

Contmung the arguments, suppose the process 1s i state k (5y).
Clearly, the process will /eave state k m two ways,

etther an arrtval occurs or a departure occuis.

[f a departure occurs, process will revert to state k-1 (Sy.1).

[t an arrwval occurs, the process will assume the new state k1 (Seq1).

[t P,.1 and Py are the respective probabilities of the corresponding states k-1

then the rate at which process Jeaves process k will be 2Py + Py



Probabilities of Leaving State k

IPy

Fig4. Process Leaves State k (Sy)




Rate of Entering State k

Stntlarly the process will ener state k (Sy):
etther when an arrrval occurs and process 1s m state k-1 (Sy.1) o1
when a departure occurs and process 12 m state kt1 (Sg4q).

So the rate at whuch the process will enter state k () will be equal to

|7'«Pk-1 + 11P+1 a8 shown below m Fig.5.



Probabilities of Entering State k

APy

Fig5. Process Enters State k_(Sx)




Probability For State k
Using flow rate balance for process k;
WP+ uP, =3P, + uP,,.
Using induction from Eq(3) ,

P, = (MW" P,



For an infinite capacity queue, k=0,1,2,.............................,

o0 o0 k
m ZP“I:Z&] Py =1
k=0

k=0

From axioms of Probability theory, P(S)

—1
[ —l] PU =1 — P0=1—&
M U

P, = (A/)k Py

GG

, { Note that (. < u) In this expression )




L

Let, L = Expected value of process states in the long run. Then, using expectation theory,

od 4 & k
A A
o0 k using math :
L3 2
- k=0 - iﬁ ko _ X
— (1—1)2




L9

o0 o0 k
Ly= Y (k-1)Pp = ¥ (k—w[’“] [1—’“]
1 k=1 H H

=L—(1—Po)=L—(1—1+f:)

Ak A A -dp +Af
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Similarly, let W= Expected life of the different states of a process

Then, ratio of LAW =4 . So, L =2W or W=L/x

Example :

Suppose L Is the expected number of parts that stay In
the machine shop over a long period of time and

W is the expected time a part spends in the shop.

In particular, L = 100 and W = 25 minutes.

Then, LAV=100/25. It Is equal to 4 parts/minute.
Hence, it is concluded that average arrival rate of the
parts in the job shop is 4.

S0, & =4 parts/minute.



Example : Custorers artve at a Potsson rate of one per every 12 minutes, and that the

service time 15 exponenttal at arate of one per & munutes. What are L and W 7

Solution: Stnce A=1/12, p=178,

b L !
=h 181112 b

Suppose , atreval ocours after every 10 minutes. Then L =4 and W =40



Relationship between L & W

To better understand the relattonship of L, W, A and i, rewrite the Eqs (6) and (7) as follows

As can be seen, the values of L and W are highly senstttve to the ratio M| As the ratto

M—1, a slight increase 1n the ratto of A/l will result 1n drastic imcrease n the values of L
and W,



Finite Capacity Queues

* |n real server/customer systems, there is an implied
upper limit on the number of customers in an
accumulation line. If N is the system capacity, it means
that there can be no more than N customers in the
system at any time. In such a situation, an arriving
customer will not join the queue if there are already N
customers present.

* As before, let P, defines the probability that there are k
customers in the system. Note that k is bounded by [O,N]
now. Using the principle that rate at which customers
enter the system equals the rate at which customers
departs the system, we obtain the relationship between
transition probabilities as follows:




Steady State Equations

H

State Rate at which process Jaaves State k = Rate at which process eniers State k
k=0 ABy=P)

1<k <N-1 (MH4Py = APy + Pl
k=N WPy = APy

Note the contrast of state transition probabilities i this case. Since there 15 upper limit of N
customers tn the system, the process can have a maximum of N states. The rate at which
process can enter the last state N (Sy) 15 the product of arrival rate A and the probabulity Py., ;
e, rate at which process enters state N = APy.). Stmilarly, the process will leave the state N
at rate WPy. Using the rate equality principle, the balance equatton for last state N for finite
capactty system 15, [Py = APy.)



State Probabilities

Whenk =0, APg=pP;.  Simplifying P = &Pg
i

For any state k=n, the rate equality balance equation 1s

(M) By = APny + [P

Rearranging, Pne1 = }Pn +(Pn - ‘}"Pn—lj .
H H




When k=1, (AHL) Py =APg+uP; and, P

Whenk=2, (\Hi)Pr=APy+Ps and, Py = =Py +|P:




S0, when k=N-2, (A1) Py.2 = APy3 + 1Py.) and,

N -1 N
Finally, By= "2y, (l](l] B, = (i) B,
1 iR



State Probabilities

N
By using the factwv Py =1, the value of Py can be estimated as follows:
s
k=0
k
N
1= V‘[}] By
e
k=0 H
1= (i)™ d ¢ gl
= Py {Remember Y gk e }
1] i 1-x
k=0
So, By = B Eo(®)




Expected Length (L)

(1-ASw)

] where, k=0,1,2,......., N

1_(1’.'”-:'N+1 ’

Length of units 1n the line , L 1s expressed by, L = N\ kPy

L=

k=

0

o %k(

1- (AJI.L)N.H i

k
&] Lo
k=0




Expected Time (W)

Next, we find an expression for W. As W 15 the expected amount of time a customer spends
in the line, 1t 15 equal to L/A. But we should be careful in estimating the value of A for finite
capactty systems. Since, maxumum capacity of the system 1s N, all arriving customers do not
jotn the system of system 15 full. Stnce Py 15 the fraction of customers who do not join the ‘
systemn, proportion of arriving customers that jotn the system are 1 - Py. Hence, f A, 15 the
actual arrtval rate, then A, =(1 - Py ) A Then Expected time a customer spends 1n the system
15,

W=LA=LI1-Py) A




Example
A work station recetves parts automatically from a conveyor. An accumulation line
has been provided at the work station and has a storage capacity of 5 parts (N=6).
Parts arrive at a poisson rate of 1 per minute; service time 1s exponentially distributed

with a mean of 45 seconds. If queue length 1s full (N=6), parts are diverted to another
statton. Find L and W.

Solution
Note the system has a capacity of N=6, the accumulation line has a capacity of .

Armval rate A= 1 and service rate, |L =4/3

Using Eq (9), Pp=0.28851, P, = 21638, P, = 16229, P3 = 12172, P4 = 0.09121
Ps=0.06847 Pg= 0.05135;' Note that Py + Py + Py + P3 + P4 +Ps + P =1

The system will be empty 28.85% of the time. It means that the server (work station) will be
1dle 28.85% of the time. Note Pg=0.0513. It means the accumulation line (Queue) will
remain full 5.13% of the time. It implies that arriving customers will find system 1n ‘Full

House' 5.13% of the time. So 5.13% of the arriving customers will not jo1n the system.



E=U

Note that L=) kb =192167
k=0

simntlarly, number of units in the accumulation line (Queue) L, 15

6
Ly= ) (k- )P =121019
k=1
In finite capacity single server systems, an arrtving customer does not join the system if total
units in the system 15 N. In such situations, actual arrival rate 1s not A. It 1s termed as A, and,
s given by the the product of A(1-Py). For the example cited above Py =0.05135,
S0, Aa=(1-Py)A=(1-0.05135) (1)=0.9487 / minute.



